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Dynamics of Josephson junctions and single-flux-quantum networks with
superconductor-insulator-normal metal junction shunts
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(Dated: December 23, 2005)
Within the framework of the microscopic model of tunneling, we modelled the behavior of the
Josephson junction shunted by the Superconductor-Insulator-Normal metal (SIN) tunnel junction.
We found that the electromagnetic impedance of the SIN junction yields both the frequency-
dependent damping and dynamic reactance which leads to an increase in the effective capacitance
of the circuit. We calculated the dc I-V curves and transient characteristics of these circuits and
explained their quantitative differences to the curves obtained within the resistively shunted junc-
tion model. The correct operation of the basic single-flux-quanta circuits with such SIN-shunted
junctions, i.e. the Josephson transmission line and the toggle flip-flop, have also been modelled.
PACS numbers: 74.50.+r, 84.30.-r, 73.40.Gk
INTRODUCTION
Recently, the Josephson digital circuits operating on
Single Flux Quantum (SFQ) pulses [1, 2] have been con-
sidered as electronic circuits suitable for integrating with
Josephson qubits (see, for example, Refs. [3, 4]). Ap-
plying Josephson SFQ electronics for the control and
readout of the qubits has many advantages, including
a high speed of operation and low operating tempera-
ture in combination with rather small dissipating power,
allowing a sufficiently close location of the elements on
the chip. Moreover, this Rapid SFQ (RSFQ) electronics
makes it possible to process the input and output signals
of the qubits directly on chip. This possibility can extend
the class of algorithms to be realized in the Josephson
quantum computer. Finally, a similar Josephson junc-
tion fabrication technology for both, the RSFQ circuits
and the qubits, is an essential prerequisite to reach a joint
circuit architecture.
The operating principle of the RSFQ circuits is based
on the single 2pi-leaps of the Josephson phase ϕ in the
overdamped junctions. Due to large damping, the driven
Josephson junctions never switch completely into the
phase-running regime with a large average voltage across
the junction, but generate short SFQ pulses, V (t) =
(Φ0/2pi)dϕ/dt, with quantized area,
∫
V (t)dt = Φ0,
where Φ0 = h/2e ≈ 2.07 × 10
−15Wb is the flux quan-
tum [1]. For the most manufacturable Superconductor-
Insulator-Superconductor (SIS) tunnel junctions with a
not very large critical current density jc, operating at a
temperature which is notably below the critical tempera-
ture of the superconductor, (T <∼ 0.5Tc), intrinsic damp-
ing is very small. Sufficient damping is therefore achieved
due to an external low-ohmic resistance Rs shunting the
junction, so the McCumber-Stewart parameter [5, 6],
βc = ω
2
c/ω
2
p = (2pi/Φ0)IcR
2
sC, (1)
where Ic is the critical current and C is the junction
capacitance, is small, i.e. βc <∼ 2. At such values,
the plasma resonance frequency of the Josephson junc-
tion, ωp = (2piIc/Φ0C)
1/2, is just slightly lower than the
Josephson characteristic frequency ωc = (2pi/Φ0)IcRs
and the plasma oscillations are strongly damped.
Contrary to this, the operation of Josephson qubits re-
quires vanishing damping in both the qubit’s junctions
and in the environment, including the coupled control
and readout circuits. The effect of unsuppressed damp-
ing is, however, dramatic and appears in fast decoherence
of the qubit. Especially, the noise resulting from damp-
ing at frequencies around the characteristic frequency of
the qubit, Ω = (E0 − E1)/h¯ (typically, about 10GHz),
causes intensive relaxation, while the low-frequency com-
ponents of the noise lead to a dephasing of the qubit (see,
e.g. the review [7]). At short decoherence times, qubit
manipulation is unfeasible. This situation can to a cer-
tain degree be softened by weakening and/or switching
on and off the coupling [8] and by operating the qubit
in the optimal points where the qubit is immune to the
external noise in the linear order [9, 10]. In the case of
the RSFQ circuit interface coupled to the qubit, the low
resistance of the junction shunts R is the source of large
broad-band current noise (∝ R−1) acting on the qubit.
Moreover, this noise is generated by the resistors even in
the quiescent (zero-voltage) state of the Josephson junc-
tions. So, the problem of reducing the noise of RSFQ
circuits coupled to the qubit has to be solved radically.
(a) (b)
SIS
JJ
Rs
SIS
JJ
SIN
FIG. 1: Electrical circuit diagram of (a) an resistively shunted
and (b) SIN-shunted SIS Josephson junction (JJ).
2A promising approach based on the possibility of
frequency-dependent damping of SIS junctions by means
of their shunting with Superconductor-Insulator-Normal
metal (SIN) tunnel elements (see Fig. 1) has recently been
proposed in Ref. [11]. In particular, it was shown that
shunting by a non-linear resistance drastically improves
the noise characteristics of the circuit and ensure suffi-
cient damping to achieve an almost non-hysteretic shape
of the I-V curves. The applied model was, however,
rather simplified and the special aspects of dynamical
processes not investigated. In this paper, we address the
problem of a microscopic model describing the SIS+SIN
circuit, as well as the analysis of the dynamics of the ba-
sic RSFQ networks within the scope of this model. The
aim of this work was to demonstrate the full functional-
ity and applicability of these circuits for the Josephson
qubits.
SIMPLE MODEL
Due to the very large values of the zero-bias differential
resistance and the strongly nonlinear dc I-V character-
istic of the SIN junctions at low temperature (T ≪ Tc),
their noise is small in the range of frequency up to
ωg ≡ ∆/h¯, where ∆ is the energy gap of the super-
conducting electrode of the SIN junction. If the qubit’s
characteristic frequency is sufficiently small, Ω < ωg, the
influence of this noise on the qubit is expected to be
weak. On the other hand, if ωg is lower than the charac-
teristic Josephson frequency ωc = (2pi/Φ0)IcR, where R
is the asymptotic resistance of the SIN junction at large
bias (V ≫ Vg ≡ ∆/e), a large effective damping of the
Josephson junction is still possible at sufficiently small
values of parameter βc given by Eq. (1) with replacement
Rs → R [11]. The capacitance C in this equation is
equal to the sum of the capacitances of the SIS and SIN
elements, CSIS + CSIN.
For an analysis of the I-V characteristics of the SIN-
shunted Josephson junctions the simplified equation of
motion with nonlinear conductance term was numerically
solved in Ref. [11], viz.,
C
dV
dt
+ IdcSIN(V ) + Ic sinϕ = I, (2)
where the instant voltage
V (t) =
Φ0
2pi
dϕ
dt
. (3)
Here, IdcSIN(V ) is the dc I-V characteristic of the SIN
junction with the instant voltage V (t) as an argument.
Equation (2) is a modified Resistively Shunted Junction
(RSJ) model equation [5, 6], relating the terms taken
at a given instant. Earlier, a similar model was applied
for describing the quasiparticle damping in SIS junctions
by Prober et al. [12], who approximated the nonlinear
conductance term by three straight line segments.
Equation (2) is, however, too rough and does not de-
scribe correctly the processes as the decay of plasma os-
cillations caused by a short kick of the phase in the zero-
current-biased circuit. In fact, after fast exponential de-
cay and approaching the sufficiently low level (≈ Vg),
the amplitude VA of the oscillations V (t) = VA(t) cosωpt
starts to decrease much slower, because of small damping
being available for the small instant values of voltage V
according to Eq. (2). On the other hand, at sufficiently
small βc <∼ 1, these oscillations should decay very fast, in-
dependent of their amplitude. To avoid this discrepancy,
a more elaborate (microscopic) model of the circuit in
Fig. 1b has to be applied.
MICROSCOPIC MODEL
We will derive the current through the SIN junction
starting from the tunneling Hamiltonian of Cohen, Fali-
cov and Phillips [13],
H = H0 +HT ≡ HS +HN + eV NS +HT . (4)
Thereby, term HS (HN ) is the Hamiltonian of the super-
conductor (normal) electrode; term eV NS includes the
finite voltage V across the junction. The tunneling is
described by the Hamiltonian
HT =
∑
k,q
Tk,qc
†
kdq + T
∗
k,qckd
†
q (5)
and is considered to be a small perturbation. Here ck
and c†k are, respectively, the destruction and creation
operators for an electron in state k in the supercon-
ductor electrode, while dq and d
†
q are the corresponding
operators for the normal electrode. The nonzero (gen-
erally, non-constant) voltage V leads to the additional
ac phase factors for, say, the superconductor-electrode
operators, ck → cke
iϕ(t)/2 and c†k → c
†
ke
−iϕ(t)/2, with
ϕ(t) = (2pi/Φ0)
∫ t
V (t′)dt′.
The number operators are equal to
NS =
∑
k
c†kck, NN =
∑
q
d†qdq, (6)
so the tunneling current is expressed via the expectation
values of the operators N˙S and N˙N ,
ISIN = 〈Iˆ〉 = e〈N˙S〉 = −e〈N˙N〉. (7)
Applying the perturbation theory assuming adiabatic
turning on from the past of the interaction HT we ob-
tain the standard first-order result (see, for example,
Ref. [14]),
ISIN = −
i
h¯
∫ t
−∞
e+0(t
′−t)〈[Iˆ(t), HT (t
′)]〉0 dt
′, (8)
3where 〈...〉0 denotes averaging over the ensemble H0. In-
troducing the retarded Green’s function
K(t− t′) = i(2e/h¯2)θ(t − t′) exp[+0(t′ − t)]
×
∑
k,q,k′,q′
Tk,qT
∗
k′,q′〈[c
†
k(t)dq(t), ck′(t
′)dq′ (t
′)†]〉0, (9)
where θ(t) is the Heaviside step function, we finally arrive
at the convolution integral expression for the current
ISIN =
∫ t
−∞
K(t− t′) sin
ϕ(t)− ϕ(t′)
2
dt′ (10)
with functionK playing the role of a memory kernel. One
can see that the tunneling current depends both on the
instant value of phase ϕ(t) and on its values in the past,
ϕ(t′), t′ ≤ t, so Eq. (10) describes the causal physical
process.
Actually, the relations similar to Eqs. (9) and (10) yield
the quasiparticle component of the current in the micro-
scopic theory of the Josephson tunneling developed by
Werthamer [15] and Larkin and Ovchinnikov [16] and
presented in the time domain by Harris [17]. For our
case of the SIN junction, the kernel K(τ) can be easily
found from its Fourier transform giving the well-known
dc I-V curve of the junction. In fact, in the special case
of a constant voltage bias V ≡ V0 the phase ϕ runs lin-
early, i.e. ϕ = ωvt + const, where ωv = (2pi/Φ0)V0, and
Eq. (10) yields the dc current as a Fourier integral,
IdcSIN(V ) = −I
dc
SIN(−V ) =
∫ ∞
0
K(τ) sin(ωvτ/2) dτ. (11)
The BCS-theory-based expression for IdcSIN is given by the
integral over the states in the energy representation,
IdcSIN(V ) =
1
eR
∫ ∞
−∞
|E|[f(E)− f(E + eV )]
(E2 −∆2)1/2
dE, (12)
where the actual range of integration is |E| > ∆ and
where f(E) = (1 + exp(E/kBT ))
−1 is the Fermi func-
tion (see, e.g., Ref. [18]). Applying the reverse Fourier
transform to Eq. (11) we obtain
K(τ) =
2
pi
∫ ∞
0
IdcSIN(Φ0ω/pi) sinωτ dτ, τ ≥ 0. (13)
In the case of zero temperature, T = 0, when the I-V
curve has the hyperbolic shape,
IdcSIN(V ) = [2θ(V )−1]θ(|V |−Vg)(V
2−V 2g )
1/2R−1, (14)
the integral in Eq. (13) can be computed explicitly yield-
ing
K(τ) = −(2h¯/eR)δ′(τ) +K1(τ), (15)
where
K1(τ) = −(∆/eR)θ(τ)J1(ωgτ)/τ. (16)
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FIG. 2: Real (solid line) and imaginary (dashed line) parts
of the product ωY (ω) = ω[Y ′(ω)+ iY ′′(ω)] calculated for the
case of zero temperature, T = 0. The solid line curve also
shows the shape of the dc I-V curve of the SIN junction (see
the first equality in Eq. (17)). The increase in temperature
T leads to a rounding of the sharp corners of these curves at
ω = ±ωg. The inset shows the equivalent electrical circuit of
the SIN junction, which comprises (from left to right) the dy-
namic bias-dependent conductance, the dynamic capacitance
(both frequency dependent) and the geometrical capacitance
of the junction barrier.
Here δ′ is the time derivative of the Dirac delta-function
and J1 is the Bessel function of the first order. The
first term in Eq. (15) describes the linear component of
damping due to the ohmic asymptotic at high voltage,
|V | ≫ Vg, while the second term, given by Eq. (16),
describes the dispersive damping due to a strong non-
linearity of the I-V characteristic in the vicinity of
Vg. (Compare the shape of the kernel Eq. (16) with
(pi∆2/h¯eR)θ(τ)J1(ωgτ)Y1(ωgτ), where Y1 is the Bessel
function of the second kind, obtained by Harris [17] for
the SIS junction.) In the case of nonzero temperature,
T 6= 0, both integrals in Eqs. (12) and (13) yielding the
kernel K(τ) should be calculated numerically.
The sine Fourier transform of the kernel K(τ) Eq. (11)
and the corresponding cosine transform give the real and
imaginary parts of the junction’s complex admittance,
respectively, Y = Y ′ + iY ′′, viz.,
ωY ′(ω) =
e
h¯
IdcSIN(h¯ω/2e) =
e
h¯
∫ ∞
0
K(τ) sinωτ dτ, (17)
ωY ′′(ω) =
e
h¯
∫ ∞
0
K(τ)(cosωτ − 1) dτ. (18)
These relations arise from Eq. (10) on the assumption of
a small ac voltage V = va cosωt yielding ϕ = a sinωt
with a = 2piva/ωΦ0 ≪ 1. The corresponding real and
imaginary parts of the admittance Eqs. (17) and (18) de-
4termined by the casual kernel K(τ) obey the Kramers-
Kronig relations.
As expected, the nonlinear dc I-V curve IdcSIN(V ) yields
according to Eq. (17) the frequency-dependent damping
Y ′(ω). The odd function Y ′′(ω) describing the junction’s
reactance is positive for ω > 0, so the SIN tunnel junc-
tion behaves as an equivalent frequency-dependent dy-
namic capacitance C˜(ω) = Y ′′(ω)/ω with the frequency-
dependent losses Y ′(ω), which is added up with the geo-
metrical capacitance of the sandwich CSIN. For the case
of zero temperature, T = 0, the plots of the components
Eqs. (17) and (18) are presented in Fig. 2, where the inset
shows the equivalent electrical circuit of the SIN junction.
Note that at ω → 0, the value of the dynamic capaci-
tance is finite, i.e., C˜ = (2ωgR)
−1. For rather transpar-
ent barriers (for example, for the SIN junctions with an
Al superconducting electrode and a specific resistance of
barrier ρ = 30Ω · µm2) this capacitance is comparable
with the geometrical capacitance of the barrier (about
50 fF/µm2).
EQUATION OF MOTION AND ITS SOLVING
For computing the SIS junction current in the circuit
Fig. 1b we can naturally apply either the microscopic
tunnel model [15, 16] in the form of [17] or the sim-
pler adiabatic model of the Josephson junction giving
ISIS = Ic sinϕ [19]. In our case of significant total damp-
ing due to sufficiently low resistanceR of the SIN junction
[11], the quasiparticle current of the SIS junction can be
neglected. Moreover, since the characteristic frequency
ωc is appreciably lower than the gap frequency of the SIS
junction ωSISg ≡ 2∆SIS/h¯ (∆SIS is the energy gap of the
SIS junction electrodes, which in the most favorable case
should be much larger than ∆ [20]), one can neglect the
dispersion of the supercurrent. This dispersion is essen-
tial at frequencies ω ≈ ωSISg and manifests itself as the
logarithmic Riedel peak [21]. Therefore, the model com-
bining the microscopic description of the SIN junction
and the adiabatic description of the SIS junction (with
constant amplitude of supercurrent Ic) is adequate for
the circuit Fig. 1b. So, the equation of motion takes the
form
C
(
Φ0
2pi
)
d2ϕ
dt2
+
1
R
(
Φ0
2pi
)
dϕ
dt
+ Ic sinϕ
+
∫ t
−∞
K1(t− t
′) sin
ϕ(t)− ϕ(t′)
2
dt′ = I. (19)
Here we decomposed the kernel K(τ) into two parts in
accordance with Eq. (15), presenting the asymptotic con-
stant contribution of damping separately, by the second
term on the left-hand side.
Generally, the solving of an integro-differential equa-
tion with a slowly decaying kernel (see Eq. (16)) is a dif-
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FIG. 3: Fitting of kernel K1(τ ) Eq. (16) (solid line) by the
Dirichlet series Eq. (20) with three terms (dashed line). The
inessential discrepancy of the curves at small values of time τ
is related to the imperfection of the fit of the Fourier trans-
form Eq. (17) at high frequencies, ω ≫ ωg. Fitting of this
Fourier transform, i.e. the dc I-V curve Eq. (11), in the most
critical range of frequencies ω ∼ ωg is shown in the inset. The
dotted line curves in both plots show the shape of the kernel
and the I-V curve given by two terms in the series Eq. (20)
(coefficient B2 = 0) that roughly corresponds to the case of a
finite temperature of T ≈ 0.3 Tc.
ficult task, because at each time step t→ t+∆t of the nu-
merical integration one has to take a convolution integral
over the time interval from −∞ to (t+∆t), that dramati-
cally slows down such calculations. However, the calcula-
tions can be significantly accelerated if one approximates
the kernel by a finite Dirichlet series [22], because the ex-
ponential shape of the kernel makes it possible to avoid
the time-consuming direct integration at each step. In-
stead, only small corrections to the convolution integrals
are computed at each time step. This procedure was re-
alized by Odintsov et al. [23] for the kernels derived in
the microscopic model of the SIS junction [15, 16]. For
our case of an SIN junction having frequency dispersion
of a relatively simple shape (see Fig. 2), the Dirichlet se-
ries can contain only a few terms, but still describe the
dynamics adequately,
K1(τ) =
∆
eR
Re
N∑
n=1
Bne
pnτ , τ ≥ 0; (20)
here coefficients Bn and pn are the complex numbers with
Re(pn) < 0.
Figure 3 shows the result of the kernel fitting by the
Dirichlet series Eq. (20) with N = 3 for the set of frequen-
cies: Imp1 = 0.95ωg, Imp2 = ωg and Imp3 = 1.05ωg.
One can see that the approximating function captures
well both the behavior of kernel K1(τ) and its Fourier
transform (shown in the inset). Interestingly, the two-
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FIG. 4: The autonomous I-V curves calculated within the
frame of the microscopic SIS+SIN model and the RSJ model.
The values of the McCumber-Stewart parameter βc for the
SIN-shunted junction are 0.3, 0.5, 1, 2, 5 and 100 (solid
lines), while for the RSJ model the values are 1, 2 and 3
(dashed lines), in sequence from the top curve to the bottom
curve. The dash-dot arrow indicates the switching from the
superconducting to the resistive state due to the current bias
regime. The bottom curve calculated for large βc = 100 ≫ 1
practically coincides with the I-V curve of the stand-alone
SIN junction. The fragment of this curve is also shown in the
inset of Fig. 3 by dotted line. The value of the characteristic
voltage is equal to Vc = 1.5∆/e in this plot as well as in the
plots which follow.
term approximation of the series Eq. (20) with the fre-
quencies Imp1 = 0.95ωg and Imp3 = 1.05ωg (shown by
dotted lines) yields a reasonable approximation of the
dc I-V characteristic for finite temperature. The ob-
tained set of coefficients Bn and the damping factors
Repn in Eq. (20) made it possible to reduce the numer-
ical solving of the integro-differential equation Eq. (19)
to almost that of an ordinary differential equation. For
the single junction circuits the simulations were tech-
nically performed by applying the fourth-order Runge-
Kutta method. For the multi-junction circuits the sim-
ulations were done with the help of the fitted program
code PSCAN developed earlier for both the RSJ and the
tunnel junction models [23, 24].
JOSEPHSON JUNCTION NETWORKS WITH
SIN SHUNTS
Applying the described procedure of solving the equa-
tion of motion, we first found the dc I-V characteris-
tics of the circuit Fig. 1b biased by a constant current.
The resulting curves are shown in Fig. 4, where they
are compared with the I-V curves given by the RSJ
model (Fig. 1a). One can see that the shapes of these
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FIG. 5: (a) Electric diagram of the SIN-shunted Joseph-
son junction inserted in the superconducting loop with the
dimensionless inductance βL = 2 and driven by a step-
pulse of the magnetic flux. (b) Switching characteristics of
the SIN-shunted (solid lines) and resistively shunted (dashed
lines) Josephson junctions induced by the short pulse (dot-
ted line) of flux of unit amplitude (Φe(t)/Φ0 = 0.1 at ωct <
10 and 1.1 at ωct > 10) for two sets of values of βc and βL.
The kernel K1 is approximated by two terms in Eq. (20).
curves are qualitatively similar, although the values of
βc ≈ 0.3 − 0.5 ensuring sufficiently small hysteresis in
the curves for the SIN-shunted junction are appreciably
smaller than the corresponding values in the RSJ model
(βc ≈ 1 − 2). Moreover, the former curves exhibit char-
acteristic plateaus at V <∼ ∆/e. Interestingly, the size of
such plateaus developed at small βc is somewhat smaller
than that obtained in the simplified (phenomenological)
model of the SIN junction (cf. Fig. 1 of Ref. [11]).
The dynamical process of the jump of the Josephson
phase by 2pi was modelled in the circuit shown in Fig. 5a.
The inductance of the superconducting loop L closing the
shunted SIS junction is comparable with the Josephson
inductance, i.e. the dimensionless parameter
βL = 2piIcL/Φ0 (21)
is equal to 1 − 2. A short step-pulse of magnetic flux of
the magnitude of Φ0 was applied to the loop. The tran-
sient behavior caused by this pulse is shown in Fig. 5b.
One can see that for the case of sufficiently large damp-
ing, βc = βL = 1, the curves for the microscopic SIN and
phenomenological RSJ models practically coincide. For
smaller damping, i.e. for the values βc = 4, βL = 2 giving
the bare resonance frequency of the circuit Fig. 1a equal
to ω0 = ωc[β
−1
c (1 + β
−1
L )]
1/2 ≈ 0.61ωc ≈ 0.92ωg < ωg,
the difference between the corresponding curves is sub-
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FIG. 6: (a) Electric circuit diagram of the 4-cell Josephson
transmission line constructed from SIN-shunted Josephson
junctions with identical critical currents Ic. The McCumber-
Stewart parameter of these junctions is equal to βc = 0.3.
The bias currents Ib are equal to 0.9 Ic. The value of each
inductance is L = 0.4Φ0/(2piIc). (b) The SFQ voltage pulses
on the JTL cells, corresponding to the propagation of the 2pi-
leap of the phase; the voltages across different cells are offset
for clarity.
stantial. The transient behavior of the SIN-shunted junc-
tion shows oscillations of larger amplitude and smaller
frequency, compared to the RSJ model. The reason for
this behavior is the effect of the dynamic capacitance
C˜(ω) of the SIN junction (see Fig. 2), giving ωcRC˜ ≈
1.4. This leads to a 20% decrease in the resonance
frequency ω0. The corresponding effective value of the
McCumber-Stewart parameter βc becomes therefore re-
spectively larger.
We also present the results of simulations of the ba-
sic RSFQ circuits, i.e. the Josephson transmission line
(JTL) and the toggle flip-flop (TFF) [1]. Figure 6a shows
the electric circuit diagram of the JTL consisting of the
chain of SIN-shunted Josephson junctions connected in
parallel by relatively small superconducting inductances
L. An SFQ step pulse of flux is applied to the leftmost
loop of the line and causes sequential triggering of 2pi-
leaps in the junctions J1, J2, J3 and J4. As a result,
the SFQ voltage pulse is transferred along the line with
a small time delay, ∼ 2pi/ωc, on each cell (see Fig. 6b).
Figure 7a shows the electric circuit diagram of the
TFF. Due to the appreciable value of the storing induc-
tance L3, this circuit has two stable states that differ
by the direction of the dc current circulating in the loop
of the interferometer J1-L3-J4. The SFQ pulses arriv-
ing at the input port cause an alternating switching of
the TFF, while the auxiliary junctions J2 and J3 pre-
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FIG. 7: (a) Electric circuit diagram of TFF constructed
from the SIN-shunted Josephson junctions J1, J2, J3 and
J4 having the critical currents Ic1 = 1.35 Ic0, Ic2 = 1.17 Ic0,
Ic3 = 1.55 Ic0 and Ic4 = 1.4 Ic0, respectively. The values of
inductances L0, L1, L2, L3, L4, L5 and Lg expressed in units
Lu = Φ0/(2piIc0) are 0.4, 0.2, 0.2, 3.0, 0.8, 0.8, and 0.05, re-
spectively. The bias current Ib is equal to 1.31 Ic0. (b) The
time dependence of the current flowing through the storing
inductance L3 (solid line) and the 2pi-leaps of the phases on
the junctions J1 and J4 (dashed lines). Here the frequency
ωc = (2pi/Φ0)Ic0R, where the tunnel resistance R is similar
for all SIN junctions.
vent a back-reaction of the interferometer on the SFQ
pulse source [1]. The switching of the direction of the
current circulating in the interferometer loop leads to a
rectangular pulse of flux induced in inductance L3 (see
Fig.7 b). Such pulse, as a control signal, can, for exam-
ple, be applied to the loops of the Josephson flux qubit
of the double SQUID configuration [25].
DISCUSSION
In summary, we have developed the microscopic model
of the Josephson junction shunted by the nonlinear el-
ement based on the SIN tunnel junction. The behav-
ior of the circuit is adequately described by the integro-
differential equation with a memory kernel reflecting the
casual dependence of the tunneling current on the phase
across the junction. In contrast to the simplified model
7proposed in Ref. [11], this model captures the expected
features in the behavior of the SIN-shunted Josephson
circuits, including a clear dependence of the decay of
plasma oscillations on their frequency.
Besides the frequency-dependent damping, the SIN-
junction shunts have the effect of an enhanced capaci-
tance. The resulting capacitance includes both the ge-
ometrical capacitance of the junction and the dynamic
frequency-dependent capacitance that affects the shape
of the I-V curve increasing the hysteresis. That is why
the calculated I-V curves are almost similar to those
given by the RSJ model for somewhat larger values of
the McCumber-Stewart parameter, i.e. βRSJc = 1-3. Still,
the values βc ≈ 0.3 ensuring a sufficiently small hystere-
sis in SIN-shunted Josephson junctions and the function-
ality of the multi-junction circuits seem to be feasible.
The most challenging condition to be met is the real-
ization of high-quality SIN junctions with a high trans-
parency of the tunnel barrier, having a specific resistance
ρ <∼ 30Ω · µm
2 [11]. The recent experiments with Nb-
AlOx-Al (at T ≥ 1.4K) and Al-AlOx-Cu (at T ≤ 1K)
junctions have shown that the ratio of the zero-bias resis-
tance to the asymptotic tunnel resistance can achieve suf-
ficiently large values, i.e. > 30−50 [26, 27]. (This behav-
ior of the SIN junctions can be roughly described by the
two-term approximation of the memory kernel Eq. (20).)
Using such SIN junctions as shunts for Nb SIS junctions
can make it possible to significantly reduce the noise of
the circuits in the quiescent state in the frequency range
up to ∆Al/h ≈ 50GHz, i.e. within the working frequency
range of the Josephson qubits of different types.
Finally, the modelled behavior of the simple RSFQ net-
works (JTL and TFF) is qualitatively similar to that of
the conventional (resistively shunted) circuits. A prelim-
inary evaluation of the ranges of functionality was found
to be quite good. The simulation of more complex cir-
cuits can be easily performed using the slightly modified
code PSCAN developed earlier for the tunnel junction
model [23, 24]. So, RSFQ networks with SIN-shunts im-
plemented in the shell that surrounds a Josephson qubit
core offer a promising approach to achieve joint RSFQ-
qubit operation.
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